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Abstract. Let (Af, tt) be a Poisson manifold. A Poisson submanifold P C M 
gives rise to an algebroid Ap P, to which we associate certain chomology 
groups which control formal deformations of tt around P. Assuming that these 
groups vanish, we prove that tt is formally rigid around P, i.e. any other Pois- 
son structure on M, with the same first order jet along P as tt is formally 
Poisson diffeomorphic to tt. When P is a symplectic leaf, we find a list of cri- 
teria which imply that these cohomological obstructions vanish. In particular 
we obtain a formal version of the normal form theorem for Poisson manifolds 
around symplectic leaves. 
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1. Introduction 

A Poisson bracket on a manifold M is a Poisson algebra structure on the space 
of smooth functions on M, i.e. Lie bracket {•, •} on C°°(M) satisfying the derivation 
property 

(1) {f,9h} = {f,9}h + {f,h}g, {^)f,g,heC^{M). 

Equivalently, it can be given by a bivector tt e X^(M) which satisfies [tt, vr] = 0. 
The two definitions are related by the formula: 

{iT^df ^dg)^{f,g}, (y)f,g€C°-{M). 

An immersed submanifold l : P M is called a Poisson submanifold of M if 

TT is tangent to P. This insures that n^p is a Poisson structure on P for which 
restriction map 

L* : C°°{M) ^ C°°{P) 

is a Lie algebra homomorphism. We regard the Poisson algebra (C°°(P), {•,•}) as 
the 0-th order approximation of the Poisson structure on M. If P is embedded, we 
have that P is a Poisson submanifold if and only if its vanishing ideal 

/(P)-{/eC-(Af)|t*(/) = 0} 

is an ideal in the Lie algebra (C°°(Af), {•, •}). Assuming that P is also closedQ, we 
have a canonical identification of Poisson algebras 

(C°°(F),{.,.}) = (C-(Af)//(P), {•,•}). 

This gives a recipe for construction higher order approximations, for example the 
first order approximation fits into an exact sequence of Poisson algebras 

(2) {I{P)/IHP), {; •}) ^ (C-(M)/J2(P), {, .}) ^ {., .}) 0. 

The Poisson algebra structures in this sequence depend only on J|p7r, the first jet of 
TT along P. A better way to describe ^ is using Lie algebroids, as will be explained 



Since we study local properties of (M, tt) around P, only the condition that P is embedded 
is essential, closeness can be achieved by replacing M with a tubular neighborhood of P. 
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in section [5J the sequence 1^ gives rise to a Lie algebroid structure on TpM, which 
is will be denoted hy Ap and is an extension of the form: 

(3) ^ TP° Ap ^ T*P 0, 

where TP° C T^M = Ap is the annihilator of TP and T*P is the cotangent 
algebroid of {P, {•,•})• In particular we obtain a representation of Ap on TP° and 
thus also on its symmetric powers S''{TP°). 

In this paper we study formal equivalence of Poisson structure around Poisson 
submanifolds, more precisely we obtain the following result: 

Theorem 1.1. Let tti and tt2 be two Poisson structures on M , such that P C M is 
an embedded Poisson suhmanifold for both, and such that they have the same first 
jet along P. If their common algebroid Ap has the property that 

H^{Ap-S''{TP°)) = 0, (V) fc > 2, 

then the two structures are formally Poisson diffeomorphic. More precisely, there 
exists a diffeomorphism 

i> -.U ~>-V, ip\p = idp dip\TpM = idTpM, 

where U and V are open neighborhoods of P, such that n^n and i/'*{7''2|v) have the 
same infinite jet along P: 

J|p(^i|w)=J^(^*('r2|v)). 

Applying Theorem 1 1.1 1 to the linear Poisson structure on the dual of a compact, 
semi-simple Lie algebra, we obtain the following result. 

Corollary 1.2. Let g be a semi-simple Lie algebra of compact type and consider 
TTiin the linear Poisson structure on g* . Let S{g) C Q* be the sphere in g* centered at 
0, of radius 1 with respect to some invariant inner product. Then §(g) is a Poisson 
submanifold and any Poisson structure tti defined in some open neighborhood of 
S(g), such that 

j\p{T^\i-a) = j\p(T^l), 

is formally Poisson diffeomorphic to TTun. 

A special type of Poisson submanifolds are the symplectic leaves of (Af, tt). 
A symplectic leaf of M is a connected Poisson submanifold S of A/, for which 7r|5 
is nondegenerate, and moreover S is maximal with these properties. Any Poisson 
manifold carries a natural singular foliation by symplectic leaves and los '■— tt^^} 
gives a symplectic structure on such an S. If {S,ujs) C (M, tt) is an embedded 
symplectic leaf, then the Lie algebroid extension (jS]) - which encodes only the first 
order jet tt along S - can be used to construct a second Poisson structure tt^, 
called the first order approximation of tt around S. tt^ is defined on some open 
neighborhood of S and has the same first jet as tt along S. 

M.Crainic and the author have obtained in 6 a normal form theorem for Poisson 
structure around symplectic leaves, proving that under appropriate conditions on 
the first jet of tt along S, tt and tt^ are Poisson diffeomorphic. The goal of this 
research is to give a formal version of this result, which in its most general form we 
state below (observe that it is a direct consequence of Theorem II. ip . 

Theorem 1.3. Let (A/, tt) be a Poisson manifold and S d M an embedded sym- 
plectic leaf. If the cohomology groups 

H^{As,S''{TS°)) 

vanish for all k > 2, then tt is formally Poisson diffeomorphic to its first order 
approximation around S . 
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In many cases we show that these cohomological obstructions vanish, and we 
obtain the following list of corollaries. 

Corollary 1.4. Let (M, tt) be a Poisson manifold and S (Z M an embedded sym- 
plectic leaf. Assume that the Poisson homotopy cover of S is a smooth principal 
bundle with vanishing second DeRham cohomology group, and its structure group 
G satisfies 

HIs{G,S\q)) = Q, (V)A;>2, 

where g is the Lie algebra of G, and H2iff{G,S''{g)) denotes the differentiable coho- 
mology of G with coefficients in the k-th symmetric power of the adjoint represen- 
tation. Then n is formally Poisson diffeomorphic to its first order approximation 
around S . 

Since the differentiable cohomology of compact groups vanishes, we obtain the 
following immediate corollary. 

Corollary 1.5. Let (M^n) be a Poisson manifold and S G M an embedded sym- 
plectic leaf. If the Poisson homotopy cover of S is a smooth principal bundle with 
vanishing second DeRham cohomology group and compact structure group, then tt 
is formally Poisson diffeomorphic to its first order approximation around S . 

A bit more technical is the following. 

Corollary 1.6. Let (Af, tt) be a Poisson manifold and S C M be an embedded 
symplectic leaf whose isotropy Lie algebra is reductive. If the abelianization algebroid 

Af ~ As/[TS°,TS°] 

is integrable by a simply connected principal bundle with vanishing second DeR- 
ham cohomology group and compact structure group, then tt is formally Poisson 
diffeomorphic to its first order approximation around S . 

Corollary 1.7. Let (M, tt) be a Poisson manifold and S C M be an embedded 
symplectic leaf through x G M . If the isotropy Lie algebra at x is semi-simple, 
Tri{S,x) is finite and 712(8, x) is torsion, then tt is formally Poisson diffeomorphic 
to its first order approximation around S . 

Some related results. The first order approximation of a Poisson manifold (M, tt) 
around a one-point leaf x (a zero of tt), is the linear Lie- Poisson structure on g*, 
the dual of the isotropy Lie algebra at x. Formal linearization in this setup was 
proven by Weinstein in |16) for semi-simple Qx- This case is covered also by our 
Corollary 11.71 Under the stronger assumption that is semi-simple of compact 
type, J. Conn proves in that a neighborhood of x is in fact Poisson diffeomorphic 
to an open neighborhood of in the local model g*. 

The first order approximation around arbitrary symplectic leaves was constructed 
by Vorobjev in |15) (we recommend also [5] for a more geometrical approach). 

A weaker version of our Theorem ll.il - of which we become aware only at the end 
of this research - was stated in |10]. Instead of embedded Poisson submanifolds, 
the authors of [TU] work around compact symplectic leafs and also their conclusion 
is a bit weaker, they prove for each k existence of a diffeomorphism which identifies 
the Poisson structures up to order k (see Theorem 7.1 in [IH])- Compactness of the 
leaf is nevertheless a too strong assumption of formal equivalence. For example in 
Corollary 7.4 in [10], the authors conclude that hypotheses similar to those in our 
Corollarv 11.71 implv the vanishing to the cohomology groups H'^{As, S^{TS°)), but 
on the other hand they also remark that compactness of the leaf is incompatible 
with these assumptions (they force S* to be a point). 
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To prove Theorem 11.11 we first reduce it to a result on equivalence of Maurer 
Cartan elements in complete graded Lie algebras, whose proof we give in the Ap- 
pendix. The same criteria for equivalence of Maurer Cartan elements, but in the 
context of differential graded algebras can be found in the Appendix A of [T] . 

To prove vanishing of the cohomological obstructions - and obtain the list of 
corollaries enumerated above - we use techniques like Whitehead's Lemma for semi- 
simple Lie algebras, spectral sequences for Lie algebroids, but also the more pow- 
erful techniques developed in [3] such as Van Est isomorphism and vanishing of 
cohomology of proper groupoids. 

The main result of 6 is the following normal form theorem: 

Let (M, tt) be a Poisson manifold and S (1 M an embedded symplectic leaf. If the 
following conditions are satisfied 

• the Poisson homotopy cover P of S is smooth, 

• the structure group of P is compact, 

• S is compact, 

then TT is Poisson diffeomorphic to its first order approximation around S . 

The first 3 conditions are the hypothesis of our Corollarv 11.51 So, giving up on 
compactness of the leaf, we still can conclude that tt and its first order approxima- 
tion are formally Poisson diffeomorphic. Nevertheless, the conditions of Corollary 
11.51 are too strong in the formal setting, they force the semi-simple part of the 
isotropy Lie algebra to be compact. This is why the author considers the more 
technical Corollary 11.61 to be the correct analog in the category of formal power 
series of the normal form theorem in |6] . In fact Corollary 11.51 follows also from 
Corollarv II. 61 it is precisely the case when the semi-simple part of the isotropy Lie 
algebra is compact. 

Acknowledgments. I would like to thank Marius Crainic for his very useful sug- 
gestions and comments. 

This research was supported by the NWO Vidi Project "Poisson topology" . 

2. The first order data 
We start by recalling some definitions, for more on Lie algebroids see [TT| . 

Definitions 2.1. A Lie algebroid over a manifold B is a vector bundle A ^ B 
endowed with a Lie bracket [•, •] on its space of sections T{A) and a vector bundle 
map p : A ^ TB , called the anchor, which satisfy the Leibniz identity: 

[a, = /[«,/?] +/:p(,)(/)/3 (V)/eC°°(i3), a,P^T{A). 

A representation of A is a vector bundle E ^ B endowed with a bilinear map 

V : T{A) X T{E) ^ T{E), 

satisfying 

Vfo.{s) = /V„(s), V„(/s) = fVAa) + Cp(^^){f)s, 
and the flatness condition 
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The cohomology of an algebroid {A, [■,■], p) with coefficients in a repre- 
sentation [E, V) is defined by the complex ^*{A, E) r{A'A* (8) E) with differ- 
ential given by the classical Koszul formula: 

d^uj{aQ, ...,aq)= ^(-l)'Va, {uj{ai, . . . , Si, . . . , aq))+ 

i 

+ ^{-iy^^oj{[a,,aj], ...,ai,...,aj,..., Uq). 

The corresponding cohomology groups will be denoted by H*{A,E). 

For any Poisson manifold {M, tt) there is an associated algebroid structure on 
the cotangent bundle T*M , with anchor given by tt" : T*M ^ TM and bracket 
uniquely determined by (for details see [14J) 

[df,dg]:^d{f,g}, {V)f,g e C^{M). 

Let P C M be an embedded Poisson submanifold. Since tt is tangent to P it is easy 
to see that the algebroid structure can be restricted to P, in the sense that there 
is a unique algebroid structure on Ap := TpM with anchor Trj^p and bracket such 
that the restriction map T{T*M) — > T{Ap) is a Lie algebra homomorphism. The 
dual of the inclusion TP C TpM gives a map Ap T*P which is a Lie algebroid 
homomorphism, where T*P is the cotangent algebroid of (P, 7r|p). This way we 
obtain the extension of Lie algebroids from the introduction; 

(4) ^ {TP°, [•, •]) ^ (Ap, [., •]) ^ (T*P, [., •]) ^ 0. 

This short exact sequence shows also that TP° is an ideal in {Ap, [•,•]), therefore 

V : T{Ap) X T{TP°) ^ T{TP°), V„(r,) := [a, 77], 

defines a representation of Ap on TP° , and thus on its symmetric powers S^{TP°). 
The resulting cohomology groups are the obstructions appearing in Theorems 11.11 
and ll.3l The algebroid structures on Ap and the sequence (0]) depend only on the 
first jet of TT along P (i.e. the brackets and anchors can be expressed in terms of 
7r|p and the first order derivatives of tt restricted to P). 

Remark 2.2. We regard the algebroid Ap as the first order approximation of the 
Poisson bracket at P. To justify this interpretation, fix a Poisson structure Tip 
on P, where P <Z M a closed embedded submanifold. Then there is a one to 
one correspondence between Poisson algebra structures on the commutative algebra 
C°°{M)/l'^(P), which fit into the short exact sequence 

(5) ^ (/(P)//^(P), {•, •}) (C-(Af)//2(F), {, .}) ^ (C-(P), {•, •}) ^ 0, 
and algebroid structures on Ap :— TpM which fit into a sequence of the form 

(6) ^ {TP°, [., .]) ^ (Ap, [., .]) ^ {T*P, [., .]) 0. 
The exterior derivative induces a map 

d:C°^iM)/l\P) ^r(Ap), 

and the correspondence between the brackets is uniquely determine by the fact that 
this is a Lie algebra homomorphism. 

Example 2.3. Consider P := as the submanifold {z = 0} C M M^. We 
construct a first order extension of the trivial Poisson structure on P to M , i.e. a 
Poisson algebra structure on the commutative algebra 

C°°{M)/I{Pf = C^{M)/{z^) ^ C°°(P) ©zC°°(P) 
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with the property that {f,g} G (z), for all f,g (z C°° {M) / [z^) . Explicitly, define 

, /dfdg df dg df dg dfdg. , , , i\ 

= ^(^^ "a" T~ modulo (z ). 

ox oy ay ox ox oz oz ox 

A straightforward computation yields that {•, •} satisfies the Jacobi identity and thus 
we have an extension of Poisson algebras 

~> zC°°{P) C°°{P) © zC°°(P) ^ C°°(P) ^ 0, 

where the Poisson bracket on P is zero. The corresponding algebroid is on Ap = 
R'^ X P — > P, it has zero anchor and bracket defined by 

[dx\p,dy]^p\ ^ dz]^P, [dy\p,dz\p\ = 0, [dx]^p,dz\p\ = xdz]^p, 

and extended bi-linearly to all sections, since the anchor is trivial. 

Nevertheless, there is no Poisson structure on M (nor on any open neighborhood 
of P), for which this bracket is the first order approximation. Assume on the 
contrary that on some open neighborhood U of P such a Poisson structure exists. 
Then is must have the following form: 

{x,y} ~ z + z^h, {y,z} = z^k, {x, z} = xz + z'^l, 

for some smooth functions h,k,l defined on lA. Computing the Jacobiator of x, y, 
z, we obtain 

J = {x, {y, z}} + {z, [x, y}} + {y, [z, x}} = z^{{2 ~ x)k{x, y, 0) + 1) + z^a{x, y, z), 
where a is a smooth function. In particular we see that J cannot vanish since: 

^{2,y,0) = 2^0. 

The example shows that not everything that looks like the first jet of a Poisson 
structure around P (i.e. an extension of the form © or ([5])) comes from an actual 
Poisson structure. 

On the other hand if P is a symplectic manifold, the situation changes for bet- 
ter, namely every "first jet" of a Poisson structure can be extended to a Poisson 
structure around P. More precisely, consider {S,ujs) a symplectic manifold, with 
S C M embedded, and an algebroid structure on As :— TgM which fits into an 
exact sequence of the form 

^ TS° As^ T*S -J> 0. 

Then, using a tubular neighborhood £ : TsM/TS — > M, one can construct a Pois- 
son structure tt^ = 7r^(As, wg, £") on some open neighborhood of S, from which we 
recover the first order data, i.e. it has {S, ujs) as a symplectic leaf and the algebroid 
structure induced on TgM is As- This Poisson structure was first constructed 
by Vorobjev, the reader can find this construction in |15) and we also recommend 
[B] for some different approaches. The construction applied to different tubular 
neighborhoods produces Poisson structures which, when restricted to small enough 
neighborhoods of S, are Poisson diffeomorphic (see |15|). So the isomorphism class 
of the germ around 5* of tt^ doesn't depend on £. 

We can view the whole story from a different perspective, namely start with a 
Poisson structure tt on M, for which (5*, wg) is an embedded symplectic leaf, and 
denote as usually by As the algebroid on TgM. For £ a tubular neighborhood of 
S, we will call tt^ = 7Tg{As,ios,£) the first order approximation of tt around 
S, and is defined on some open U with S d U . The first order approximation plays 
the role of a normal form for tt around S. 
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3. The formal equivalence Theorem 

The algebra of formal vector fields. Consider the graded Lie algebra of multi- 
vector fields on M , (X*(M), [•, •]) with Lie bracket the Nijenhuis-Schouten bracket 
and deg{W) = /c — 1 for G X^{M). For a closed, embedded submanifold P C M, 
denote by Xp (M) the subalgebra of multi- vector fields tangent to P 

Xp(M) := {u e X'{M)\u\p G X'(P)}. 

The vanishing ideal of P, I{P) C C°°(M) induces a fihration J" on X'p{M): 

X^ (M) D J-J D J-' D . . . D J-^+i D . . . . 

J-^ ^ I^+^{P)X'{M), k>0. 

It is readily checked that 

(7) [J-fe, J-;] C J-fe+i, [X'piM),Tk] C J-fe. 

Let Xp(A/) be the completion of Xp(M) with respect to the filtration J', defined 
by the projective limit 

Xp(Af) := ^Xp(Af)/J"'. 

By ([7]) it follows that Xp(Af) inherits a graded Lie algebra structure, such that the 
natural maps 

jfp : Xp{M) Xp{M)/T', for fc > 

are Lie algebra homomorphisms. The algebra {Xp{M), [■,■]) will be called the al- 
gebra of formal multi-vector fields along P. Consider also the homomorphism 

: X'p{M) ^ X'piM). 

From a version of Borel's Theorem (see for example [T2j) about existence of smooth 
section with a specified infinite jet along a submanifold, it follows that is sur- 

jective. Observe that Xp{M) inherits a filtration from Xp(Af), given by 

k — J\P-^ fc7 

and which satisfies the corresponding equations ([7]) . 
The adjoint action of an element X ^ 

adx : Xp(Af) ^ Xp(A//), adx{Y) := [X,Y] 
increases the degree of the filtration by 1. Therefore the partial sums 

1=0 

are constant modulo Tk for n > k and all Y e Xp(Af). This and the completeness 
of the filtration on T show that the exponential of adx 

e'^'^^ : X^(Af) X^(Af), e"'^^(r) := ^ ^(F) 

n>0 

is well defined. It is readily checked that e"''^ is a graded Lie algebra isomorphism 
with inverse e~°''^^ and that it preserves the filtration. We will need the following 
geometric interpretation of these isomorphisms. 

Lemma 3.1. For every X G J-l, there exists ^jj : M M a diffeomorphism of M , 
with ijj^p = idp and dip^p — idxpM, such that for every W G Xp(A^), we have that 
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Proof. By Borel's Theorem there exists a vector field V on M, such that X — 
j|p(V^). We claim that V can be chosen to be complete. Let 5 be a complete metric 
on M and let ^ : M — > [0, 1] be a smooth function, such that cf) = I on the set 
{x\ga:iV^,V^) < 1/2} and = on the set {x\g^{V^,V^) > 1}. Since V\p = 0, it 
follows that (j)V has the same germ as V around P, therefore j^^{(l>V) = X. On 
the other hand, since 4>V is bounded it is complete, so replace V by (f>V. 

We will show that ^ := Fly, the flow of V at time 1 satisfies all requirements. 
Since j^piV) = 0, it is clear that ip\p = idp and dij}\p = idxpM- 

Let W G X*p{M) and denote W, := F\*y{W) - the puUback of W by the flow of 
V at time s. Since Wg satisfies the differential equation -^Wg ~ [V, Wg], a simple 
computation gives the following formula 

ds ^-^ i\ k\ 

i=0 

This shows that the sum 

i=Q 

modulo J-k+i is independent of s, therefore 

i=Q 

Applying j|p to this equation yields 

i=0 

hence, the conclusion 

□ 

The cohomology of the restricted algebroid. Let {M, tt) be a Poisson manifold 
and P <Z M a, closed embedded Poisson submanifold. The cohomologies we are 
considering are all versions of the Poisson cohomology H'{M), computed by the 
complex X*{M) of multi- vector fields on M and differential rf^ ~ [tt, •], where [•, •] 
is the Nijcnhuis-Schoutcn bracket. Since P is a Poisson submanifold we have that 
[tt, I{P)X'{M)] C I{P)X'{M), and more general, it follows that I^[P)X'{M) forms 
a subcomplex. Taking consecutive quotients, we obtain the following complexes 

(P)X* (M) /j'^+i (P)X* (M) ,4), 

with differential d^ induced by [tt, •]. Observe that the differential on these com- 
plexes depends only on the first jet of tt along P, therefore, following the philosophy 
of section [21 it can be described only in terms of the algebroid Ap. 

Proposition 3.2. The following two complexes are isomorphic 

{l\P)X'{M)/l''+\P)X'{M),dl) = {n'{Ap,S\TP°)),d^.), (V)fc > 0. 

Proof. Since the space of sections of TP° is spanned by differentials of elements in 
/(P), it is easy to see that the map given by 

Tfe : l''{P)X'{M) n'{Ap,S''{TP°)) = r{A'{TpM)®S''{TP°)), 
Tkifi . ■ ■ fkW) = T^ip ® d/i|p . . . dfk\P, 
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where fi, . . . ,fk £ I{P) and W e X*(M) is well defined and surjective. Moreover 
its kernel is precisely /'^+^(P)X'(M). Hence we are left to prove that 

(8) Tk{[TT,W]) = d^.{Tk{W)), {\I)W el\P)X'{M). 

Recall that the algebroid Ap has anchor p = Trj'p and bracket determined by 

[dc^\P,d^\p]p (V)0, V e C°°(Af). 

Moreover, for fc = 0, we have that V° is given by 

V° : V{Ap) X C°°(P) ^ C°°(P), V°(/i) = 

Since both differentials and d-^k act by derivations and V'^ is obtained by ex- 
tending by derivations, it suffices to prove (0) for G C°°{M) and X e X^(M) 
(with k = 0), and for / G I{P) (with fc = 1). 

Let G C°°(M) and 77 G r(ylp). Using that tt is tangent to P, we obtain 

To([7r,0])(?7) = [7r,(/«]|p(77) = d(?!)|p(7r|'p(r/)) = /:p(,,) (ro((/))) = dyo (to(0) )('?)• 
Let X G Xi(M), 0,V' G C°°(Af) and 77 := d(t>\p,9 -.^ di^^p G r(Ap). Then 

ro(K,X])(77,^?) - [7r,X]|p(d0|p,dV'|p) = 

= tA} + {0, XCV^)} - 7A}))|p = 

= 7rfp(d0|p)(X|p(d7A|p)) - 7rfp(dV'|p)(X|p(d0|p)) - X|p(d{0, tAIip) = 
- /:p(,)(ro(X)(^?)) (ro(X)(r;)) -ro(X)([77,^^]p) - 
= dvo(ro(X))(^7,^^), 

thus dH) holds for X. 

Consider now / G /(P) and tj := d(/)|p G r(Ap), with G C°°(Af). The formula 
defining Tk implies that for every W G /''■(P)X*(M), we have that 

Tkiid4,iW)) = id</.|^T-fc(VF). 

Using this, the following finishes the proof 

n(k,/])(»7) -ri([^,/](d0)) = Ti({,^,/}) =d{0,/}|p = 

-[^,rf/|p]p = V,;(r(/))=dvi(r(/))(r;). 

□ 

Proof of Theorem 11.11 By replacing M with a tubular neighborhood of P, we 
can assume that P is closed in Af. Denote 

7:=j|-7ri,7' := j|>2 e X?,(Af). 

By the identification in Proposition [X^l the hypothesis can be recast as follows 

[7,7]=0, h',l']=0, 7-7'eJ-i, H\HlH+i.d^)^^. 

for all fc > 1, where d^ :— ad-y. All these conditions are expressed in terms of the 
graded Lie algebra jC* :— X*j^^{M), with a complete filtration T. Theorem 14.61 
from the Appendix, shows that there exists a formal vector field X £ Tl, such that 
7 = e'"'^(7'). By Lemma [3.11 there exists a diffeomorphism ip of M, such that 
j^{ip*{W)) = e'^'^'^jf^iW), for aU W G X'p{M). This concludes the proof, since 

-00/ / * /_ \\ adx ■oo/_ \ o-dx { '\ ■oo/_ \ 

3 \p{ip {tt2)) = e ''3\p(TT2)=e ^ (7 ) = 7 j|p(7ri). 
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Existence of Poisson structures with a specified infinite jet. The proof of 
Theorem 11.11 can be apphed to obtain a result on existence of Poisson bivectors 
with a specified infinite jet. Let S be a closed embedded submanifold of M. An 
element tt S X|(Af), satisfying [tTjTt] = 0, will be called a formal Poisson bivector. 
Observe that 

7r|5 = [tt] modulo J^) G 
gives a Poisson structure on S. We will say that 5 is a symplectic leaf on tt, if 7r|5 
is nondegenerate. By the discussion in section [21 the first jet of tt 

j\si^) ~ [^] modulo J^i 

determines an algebroid As on TsM , and thus can be used to construct a Poisson 
bivector tt^ on some open neighborhood U of S, whose first jet coincides with that 
of TT. If the cohomology groups 

H^{As;S''{TS°)) 

vanish for all fc > 2, then by the proof of Theorem 11.11 there exists a formal 
vector field X E Tl, such that e"""^^ (j^T^s) ~ ^- Using now Lemma ISTTl we find a 
diffeomorphism :IA ^lA, such that 

Thus TT := gives a Poisson structure defined on an open neighborhood of S 

whose infinite jet is tt. Hence we have proved the following statement. 

Corollary 3.3. Let tt e X^g{M) he a formal Poisson structure, for which S is a 
symplectic leaf. If the algebroid As induced by j^gir satisfies 

H^{As;S''{TS°)) ^0, (V) fc > 2, 
then there exists a Poisson structure tt defined on some open neighborhood of S 

such that TT = j^TT. 

4. Proofs of the criteria 

We devote this section to explaining and proving the corollaries from the Intro- 
duction. 

Integration of algebroids and differentiable cohomology. We start by re- 
calling some properties of Lie groupoids and Lie algebroids. For the theory of Lie 
groupoids, see [11] [T3]. A Lie groupoid over a manifold B will be denoted by Q, the 
source and target maps hy s,t : Q — > B and the unit map by u : i? — > Q. We will 
assume all Lie groupoids to be Hausdorff. Every Lie groupoid Q has an associated 
Lie algebroid A{Q) over B, which is the infinitesimal counterpart of Q. A Lie alge- 
broid A is called integrable if ^ = A{Q) for some Lie groupoid Q. The relation 
between Lie algebroids and Lie groupoids is similar to that between Lie algebras 
and Lie groups, the most significant difference is that not every Lie algebroid is 
integrable. 

Recall that a transitive Lie algebroid is a Lie algebroid B with surjective 
anchor. For example, if S* C M is a symplectic leaf of a Poisson manifold (M, tt), 
then the algebroid As is a transitive. A groupoid Q is called transitive if the map 
(s, : ^ — > M X M is surjective. The Lie algebroid of a transitive groupoid is 
transitive. Conversely, if the base i? of a transitive algebroid A is connected, and 
A is integrable, then any Lie groupoid Q integrating it is transitive. Any transitive 
groupoid is a gauge groupoid i.e. it is of the form P XqP, where G is a Lie group 
and p : P ^ B is a. principal G-bundle. For P one can take any s-fiber s~^{x) of 
Q for X E B, and G :— s^^{x) D t^^{x) (see |11 for more details). We can recover 
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A from P as follows: as a bundle A = TP/G, the Lie bracket is induced by the 
identification 

r(^) = x{pf, 

and the anchor is given by dp. Moreover, similar to the theory of Lie groups and 
Lie algebras, if A is an integrable transitive Lie algebroid, then up to isomorphism 
there is a unique principal bundle P which is connected and simply connected such 
that P Xg P integrates A (see [11]). We will also say that P integrates A. 

Let S C M be a symplectic leaf of a Poisson manifold (M, tt) and assume that 
the transitive algebroid As is integrable. The connected and simply connected 
principal bundle P S for which P xq P integrates As is called the Poisson 
homotopy cover of S. We will say that P is smooth, if As is integrable (this 
terminology is justified by the fact that P exists also in the non-integrable case as 
a topological principal bundle over S (see [5])). 

Let „4 be a transitive algebroid over a connected basis B and denote hy q C A 
the kernel of the anchor. On each fiber of g the Lie bracket restricts to a Lie algebra 
structure (q^, [■,']x) and this Lie algebra is called the isotropy Lie algebra at 
X. In the integrable case, when A = A{Q), the isotropy Lie algebra coincides with 
the Lie algebra of the isotropy group Gx ■— s^^{x) D t^^{x). In the case of a 
symplectic leaf S* C M of a Poisson manifold, for As we have that g — TS°. 

A Lie groupoid G is called proper, ii {s,t) : Q ~> B x B is a. proper map. 

A representation of a Lie groupoid Q over i? is a vector bundle E ^ B and a 
smooth linear action g : ^ Ey for every arrow g : x ^ y satisfying the obvious 
identities. A representation E ofQ can be differentiated to a representation of its Lie 
algebroid A{Q) on the same vector bundle E. If the s-fibers of G are connected and 
simply connected, then every representation of A{Q) comes from a representation 
of Q (see Proposition 2.2 in [S]) - and in our applications this will be usually the 
case. 

The differentiable cohomology of a Lie groupoid Q with coefficients in a 
representation E B \s computed by the complex C^^^[Q]E) of smooth maps 
c : e^P) E, where 

g^^^ :={(5i,...,5p) ea''|s(5,) =t(5m),* = !,■•■, 
with c((7i, . . . , gp) G -^'((gj), and with differential given by 

dc(5i, . . . ,5p+i) = gic(g2, • . -,3^+1) + 
p 

+ ^{.-'^yc{gi, g^g^+l, . . . , gp+i) + (-l)P+^c(gi, ...,gp). 

i=l 

The resulting cohomology groups will be denoted H'^g{Q,E). For more details on 
this subject see 0. 

In the following proposition we list some results from [4] which are needed in the 
proofs of the corollaries from the Introduction. 

Proposition 4.1. Let Q be a Lie groupoid over B with Lie algebroid A and E ^ B 
a representation ofQ. 

(1) If the s-fibers of Q are cohomologically 2-connected, then we have that 

H\A-,E)^Hl^{g-E). 

(2) Ifg is proper, then Hlg{g;E) = 0. 

(3) // g is transitive, then 

Hl^{g-E)^Hl^{gx-Ex), 

where x € B and g^ := s^^{x) fl t^^{x). 
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Proof. (1) is a particular case of Theorem 4 in [3] and (2) follows from Proposition 
1 in [1]. For (3), since G is transitive, it is Morita equivalent to Qx (see [I3j). By 
Theorem 1 in [4j , a Morita equivalence induces an isomorphism in cohomology and 
this proves (3). □ 

The proofs. 

Proof of Corollary \1. SI Recall that the cotangent algebroid of {g*,Tr\in) is isomor- 
phic to the action algebroid ix g* g* for the coadjoint action of g on g* and 
that it is integrable by the action groupoid G « q* , where G denotes the compact, 
connected and simply connected Lie group of g. Moreover, the symplectic leaves of 
(0*,7riin) are the orbits of the action of G. So, because §(g) is G invariant it is a 
union of symplectic leaves, therefore a Poisson submanifold. The algebroid ^s(g) is 
isomorphic to the action algebroid g x §(g), therefore it is integrable by the action 
groupoid G k §(g). Since G is simply connected it follows that -ffJ^(G) = (see 
Theorem 1.14.2 in i7 ). On the other hand all s-fibers of G k §(g) are diffeomorphic 
to G, and so the assumptions of Proposition 14. II (1) are satisfied, therefore for any 
representation E — >■ S(g) of G k §(g) we have that 

H'igK§{g);E)^Hi,s{GxS{g);E). 

Since G x §(g) is compact it is proper, hence by Proposition 23] (2), we have that 
H^^g{G K §(g); E) = 0, for every representation E. Now the corollary follows from 
Theorem O □ 

Proof of Corollary \1.4\ Denote by P the Poisson homotopy cover of S with struc- 
ture group G. By hypothesis P is smooth, simply connected and with vanishing 
second DeRham cohomology group. Let Q := P Xq P he the gauge groupoid of 
P. Since every s-fiber of Q is diffeomorphic to P, Q satisfies the assumptions of 
Proposition |1?T] (1), therefore 

H^{As;S''{TS°)) - Hls{G;S''{TS°)). 

Since G is transitive, by Proposition 23] (3), we have that 

Hi,s{g;S^{TS°)) - Hl^iG;S\TxS°)). 

Since TxS° = g as G representations (both integrate the adjoint representation of 
g), the proof follows from Theorem 11.31 □ 

Proof of Corollary \1.5[ This is a direct consequence of Corollary 11.41 because dif- 
ferentiable cohomology of compact groups vanishes (by Proposition 14. II (2)). □ 

Proof of Corollary \1.6\ Let x ^ S and denote by gx ■— TxS° the isotropy Lie 
algebra of the transitive algebroid As- By hypothesis gx is reductive, i.e. it splits 
as a direct product of a semi-simple Lie algebra and its center g^: = Sx (B ix, where 
Sx = [flxifla;] and 2ix = Z{gx) is the center of gx- Since g = TS° is a Lie algebra 
bundle, it follows that this splitting is in fact global: 

g = [g,g] ® ^(g) =s©3. 

Since s = [g, g] is an ideal of As, we obtain a short exact sequence of algebroids 

^ s ^ As ^ Af ^ 0, 

with A^ = yl.5/[g,g]. Similar to the spectral sequence for Lie algebra extensions 
(see [S]), there is a spectral sequence for extensions of Lie algebroids (see [TT], Theo- 
rem 5.5 and the remark following it), which in our case converges to H*{As;S^{g)), 
with 

EP'^ = HPiAf;H^s;S\g))) ^ HP+'^{As;S''ig)). 
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Since s is in the kernel of the anchor, H'^ {s; (q)) is indeed a vector bundle, with 
fiber H'^{s;S''{g))x = H'^{5x;S''{Qx)) and it inherits a representation of A'g'. Since 
Sx is semi-simple, by the Whitehead Lemma we have that H^{Sx;S''{gx)) = and 
H^{Sx;S''{gx))=0. Therefore, 

(9) H\As;S\g))^H\Af;S\3r), 

where iS'^(ga:)^'" is the Sx invariant part oiS^{Qx)- The hypothesis of the theorem tell 
us that A'g' is integrable by a principle bundle P'^^ which is simply connected, has 
vanishing second DeRham cohomology and compact structure group T. Therefore, 
by (O and by applying Proposition 14. II (l). (2) and (3) we obtain that 

H^As-^S'^is)) ^ H\Af;S\Br) = HlsiP^'' xt cS'^Xfl)') = 
^Hls{T;S\0xr-)^O. 
Thus Theorem 11.31 finishes the proof. □ 

Proof of Corollary \1.T\ Assume that Qx is semi-simple, 7ri(S', a;) is finite and ^2(8, x) 
is a torsion group. With the notation from above, we have that A'g^ = TS. TS is 
integrable and the simply connected principal bundle integrating it is S, the uni- 
versal cover of 5'. Finiteness of 7ri(5') is equivalent to compactness of the structure 
group of S. By the Hurewicz theorem H2{S,Z) = tt2{S) and since 7r2(5') = 7r2(S') 
is torsion, we have that iJjpj(S') — 0. So the result follows from Corollarv ll.6l □ 

Appendix: Equivalence of MC-elements in complete GLA's 

In this Appendix we develop some general facts about graded Lie algebras with 
a complete filtration, with the aim of proving Theorem 14.61 which was used in the 
proof of Proposition ll.il Some of the constructions given here can be also found in 
Appendix B.l of [2\ in the more general setting of differential graded Lie algebra 
with a complete filtration. In fact all our constructions can be adapted to this 
setup, in particular also Theorem 14.61 The analog of Theorem 14.61 in the case of 
differential graded associative algebras can be found in the Appendix A of [I]. 

Definitions 4.2. (1) A graded Lie algebra (£*,[•, ]) (GLA) consists of a Z- 
graded vector space C endowed with a graded bracket [•, •] : x — C^^"^ , 
satisfying 

- graded antisymmetry: [X,Y] = — (— l)!"^!!^! [F, AT], 

- the graded Jacohi identity: [X, [Y, Z]] = [[A, Y],Z] + (-l)l-^ll^l [Y, [A, Z]]. 

(2) An element 7 G is called a Maurer Cartan element (MC-element) 
if it satisfies [7,7] = 0. 

(3) A filtration on a GLA is a decreasing sequence of homogeneous ideals TnC 

C* D J'qC* D . . . D J'nC'* 3 !Fn+lC* Z> . . . , 

satisfying 

(4) filtration PC is called complete, if C is isomorphic to the projective limit 

l^TnC/ PnC 

An example of a GLA with a complete filtration was constructed in Section [31 
starting from a manifold M and a closed embedded submanifold P C M, we con- 
structed {X'p^^ (M) , [•,•]), the algebra of formal vector fields along P, with filtration 
given by the powers of the vanishing ideal of P. 

Let £ be a GLA with a complete filtration PC. Completeness implies that 

fl PnC = 0. 

n>0 
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To handle the filtration better, we introduce the following function on £, which we 
will call the i-norm of the filtration 

r 1, if XeC\ToC, 

(10) ||-||:£^M>o, 11^11 = < if XeJ-„A-^n+iA 

[ 0, if X = 0. 

Properties of the filtration are translated into the following properties of the L- 
norm, which we will often use: 

• \\X\\ = if and only if X = 0, 

. ||x + y||<||x||v||y|0, 

• ||aX|| < ||X||, (V)a eM, 

. ||[x,y]||<||x||||r||. 

The first two properties show that d{X, Y) = \\X — Y\\ defines a metric on C The 
completeness of the filtration is easily seen to be equivalent to the completeness of 
the metric space [C,d). Convergent series have a very simple description, as the 
following straightforward Lemma shows. 

Lemma 4.3. A series X^n^n^ Xn & C converges if and only if Xn 0. 

Note that q{C) := FiC^ forms a Lie subalgebra of . Elements X G 
satisfy ||a(ix(i^)|| < ^ll^lli for all Y € C, therefore (by Lemma the exponential 
of adx converges, and it defines an GLA-automorphism of C* , denoted by 

Me"") Ad{e^)Y := e"^"^^ (Y) ^ ^ -^{Y). 

By Lemma [4.31 the Campbell-Hausdorff formula converges for all X,Y e q{C) 

(11) X *Y ^ X + Y + J2Y^DkiX,Y), where 

fe>i 

nrl nrl ™1 n/1 nrl 

D,iX,Y)^ V ^o^o...o^o^(X). 

We will use the notation Q{C) — {e^\X e q{C)}, i.e. Q{C) is the same (topological) 
space as 0(£), but we just denote its elements by e^ . The universal properties of 
the Campbell-Hausdorff formula ([TT|). show that Q{C) endowed with the product 
= e^*^ forms a topological group, and moreover Ad gives an action of Q{C) 
on C by continuous graded Lie algebra automorphisms. More precisely we have the 
following properties. 

Proposition 4.4. The group Q{C) and the map Ad satisfy the following 

(a) multiplication is continuous: \\X *Y ~ X' *Y'\\ < \\X - X'\\y \\Y - Y'\\, 

(b) Ad is a representation: Ad{e^ e^) — Ad{e^) o Ad{e^), 

(c) Ad preserves the grading: Ad{e^)C'P = CP, 

(d) Ad commutes with the bracket: Ad{e^)[U,V] = [Ad{e^)U, Ad{e^)V], 

(e) Ad preserves the L-norm: \\Ad{e'^)U\\ = \\U\\, 

(f) Ad is continuous: \\Ad{e^)U - Ad{e^)V\\ < \\U - V\\ V \\X - Y\\\\V\\, 
where X, Y, X',Y' e g(£) and U,V eC. 

Let 7 be an MC-element. Notice that [7,7] = 0, implies that dj := adj is 
a differential on C*. The fact that TkC are ideals implies that {J-'kC*,d^) are 
subcomplexes of {C*,d-y). The induced differential on the consecutive complexes 
depends only on 7 modulo J^i , and their cohomology groups will be denoted 



'^uV V denotes max{M, v}. 
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For G G{^)j Ad{e^)'^ is again an MC-element, and 7 and Ad{e'^)'y are called 
gauge equivalent. We will use a linear approximation of the action G{jC-) on 
MC-elements. 

Lemma 4.5. For 7 an MC-element and £ "we have that 

WAdie^'h-^ + d.XW < 

We have the following criterion for gauge equivalence. 

Theorem 4.6. Let (£*, [•, •]) be a GLA with a complete filtration and 7, 7' be 
two Maurer Cartan elements. If ^ — ^' S T^L^ , for some p > 1 and for all q > p 
we have 

then 7 and 7' are gauge equivalent, i.e. there exists an element e^ G Q{I^) such 
that 7 = Ad{e^)-i'. 

Proof. By hypothesis, for q > p, we can find homotopy operators hf : J-qC^ — >■ J-qC^ 
and h\ : TqC'^ ^ TqC^ such that 

^\{-Fq+l^'^) C ^q+li^^ ^ h'^iJ-q+lC'^) C J-q+lC^ , 

and {d^hl + h^d^ - Id){TqC^) c Tq+iC^ . 
We will first prove an estimate. Let q>p and 7 a MC-element, with II7 — 7II < 
Then for X := /if (7 — 7), we claim that the following estimates hold: 

(12) ll^ll<^, IIMe^)7-7ll<^. 

The first estimate follows directly from the fact that X = h\{'^ — ^) £ TqCf^ . To 
prove the second we compute: 

||Me^)7 - 7ll < IIMe^)7 " 7 + ^7(^)11 V II7 " - l\\ < 

< llXipv 117-7-^7(^)11 V||[7-7,^]|| < 

< ||X||2v||7-7-rf7(^)ll V||7-7llll^ll, 

where for the second inequality we have used Lemma |4.5I Since ||7 — 7|| < we 
obtain 

(13) \\Ad{e^)j - 7ll < ^ V Wild - d>?)(7 - 7)11- 
On the other hand, we have that 

||(W-d>?)(7-7)ll < ||(/d-d>?-/i|d^)(7-7)||V||/iI(d^(7-7))ll < 
<^V||;il(d,(7-7))l|. 

Observe that ^-^(7 — 7) = —^[7 — 7,7 — 7], therefore \\d^{j — < ^ < 25Tt, 
and so we obtain 

1 



(14) ll(W-d^/i?)(7-7)ll < 2,+i- 

So, (HHD and ^ imply the second part of p^ . 

We construct a sequence of MC-elements {'jk}k>o and a sequence of group ele- 
ments {e^'=}fc>i G G{.C) by the following recursive formulas: 

70 := 7', 

Xk:=hP+''-\-fk-i-j), forA;>l, 
7fc := Ad(e^'=)7fc_i, for fc > 1. 
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To show that this formulas give indeed well-defined sequences, we have to check that 
7fe_i — 7 G Tp+k-iC} ■ This holds for k = I, and in general it follows by applying 
inductively at each step fc > 1 the estimate (|12[) to 7 = 7fc-i, and q = p + k— \, to 
obtain the inequalities; 

\\Xk\\<—^, Il7fc-7ll< ^ 



2P+/C-1 ' " / II — 2p+fc ■ 
Using Proposition 14.41 fa) we obtain 

\\Xk*Xk-i...*X^-Xk-i...*Xi\\ < \\Xk\\ < ^ 



2p+fc-i ' 

therefore by Lemma [1751 the product Xk*Xk^i *. . .*Xi converges to some element 
X. Applying Proposition 14.41 fa) k times, we obtain 

\\Xk * Xk-i . . . XiW < llXfell V||Xfe_i|| V...V llXill < ^, 
therefore ||X|| < 1, thus X G g(C). On the other hand, we have that 

||Me'')7'-7ll < Pd(e^)7'-7fc||V||7fc-7|| < 

< ||Ad(e^)7' - Ad(e^'=*-*^^)7'|| V ^ < 

< \\X - Xk* ...*Xi\\V ^ 



2P+k ' 

where for the last estimate we have used Proposition 14.41 (f). If we let fc — ?• 00 we 
obtain the conclusion: Ad{e'^)'^' = 7. □ 
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